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Abstract. We describe all Hilbert spaces that are interpolation spaces with respect to a 
I given couple of Sobolev inner product spaces over R" or a bounded domain with a smooth 

boundary. We prove that these interpolation spaces form a subclass of isotropic Hormander 
spaces. They are parametrized with a radial function parameter which is _RO-varying at +00, 
considered as a function of (1 + with £_ E W\ 



(N 



i 1. Introduction 

I A fundamental importance of Sobolev spaces for analysis and the theory of partial differ- 

, ential equations is well known. This importance comes in part from interpolation properties 

of the Sobolev scale [1, 2]. They enable to extend a number of important properties that 
Sobolev spaces of integer order possess over spaces of fractional order, e.g., the invariance 
. with respect to an admissible change of variables. In its turn, this permits to define correctly 

^ ■ a Sobolev space of any order over a smooth manifold. 

O ■ At the same time, the scale of Sobolev spaces is not sufficiently fine for a number of 

2 ' mathematical problems. This explains a natural need to replace them with more general 

O ' isotropic Hormander spaces H'^^'^ [3]. They are initially defined over M" using the Fourier 

transform and a corresponding radial weight function ip{-) of the scalar argument (C,) : = 
(1 + I^P)^^^ ^ 1. The use of a power function Lp{t) = leads to the Sobolev space H^^\ The 
^ I application of an interpolation with a function parameter allows to transfer completely the 

classical theory of elliptic boundary- value problems from the Sobolev scale to a more extensive 
scale of Hormander inner product spaces. The latter scale is parametrized with the function 
if{-) that varies regularly in J. Karamata's sence at +00 with an arbitrary index s G R [4-7]. 

In contrast to the case of spaces of integrable functions, interpolation of spaces of differen- 
tiable functions using a general function parameter has not been sufficiently studied even if 
Hilbert spaces are used [8, 9, 10]. The purpose of this paper is to describe constructively all 
Hilbert function spaces that are interpolation spaces with respect to a given couple of Sobolev 
inner product spaces 

—00 < So < Si < +00, 
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over or a bounded Euclidean domain. We show that these spaces form a subclass of 
isotropic Hormander spaces. This subclass is characterized by the fact that the function 
is i?0-varying at +00 in the sense of V. G. Avakumovic [11, 12] however it can cease 
to be regularly varying. The chosen class of function spaces is sufficiently large and can be 
effectively used in various problems. In particular, it allows to define correctly the largest class 
of Hormander inner product spaces over a closed compact manifold in such a way that they 
would not depend on a particular choice of local charts but would possess an interpolation 
property. Such function spaces are useful in the theory of differential equations, the spectral 
theory of pseudodifferential operators, the approximation theory, and other areas of modern 
analysis where Sobolev spaces have already been used. 



2. The main result 

Let 1 ^ p ^ 00, and let be a weight function, that is, there exist numbers c ^ 1 and 
/ > such that 

(2) ^ ^ c (1 + - r)\y for each ^, 77 e R". 

By definition, the Hormander space Sp_^(R") consists of all L. Schwartz's distributions 
u e iS'(R") such that their Fourier transforms u are locally Lebesgue integrable in R" and 
fjLU e Lp(R"'). The norm in the complex linear space Sp_^(R'*) is 

II^IIbp,m(K") := ||/^w|Up(M")- 

It is a Hilbert space norm if p = 2. 

The space Bp^^{W^) is complete with respect to this norm and is embedded continuously in 
5'(R"). If 1 ^ p < 00, then this space is separable and C^(R") is dense in it. 

Among the Hormander spaces i?2,/^(R") we only need isotropic spaces. They are corre- 
sponded to the radial weight functions /x(^) = (p{{$,)), a class of function parameters being 
defined as follows. 

Let RO be the class of all Borel measurable functions (p : [1, 00) — )■ (0, 00) for which there 
exist numbers a > 1 and c ^ 1 such that 

(3) c"^ ^ ^ c for each t ^ 1, A e [1, a], 

a and c depending on (p. Such functions are said to be i?0-varying (or 0-regularly varying) 
at +00. This function class was introduced by V. G. Avakumovic in 1936 and has been 
sufficiently investigated [11, 12]. We recall some its known properties. 



Proposition 1. (i) If f E RO, then both the functions (p and l/ip are bounded on every 
compact interval [1, b] with 1 < 6 < 00. 
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(ii) The following description of the class RO holds: 

(peRO ^ ip{t) = exp|^/3(i) + y" ^ (irj , t^ 1, 

where the real-valued functions P and e are Borel measurable and hounded on [l,oo). 

(iii) For an arbitrary function (p : [l.oo) — > (0, oo) the condition (3) is equivalent to the 
the following: there exist numbers So,Si e M., Sq ^ Si, and c ^ 1 such that 

(4) t~'°(p{t) ^ ct-^V(t), t-'V(t) ^ ct-''ifi{t) for each t ^ 1, r ^ t. 

The condition (4) means that the function t~^°ip{t) is equivalent to an increasing function, 
whereas the function t^'^^ip{t) is equivalent to a decreasing one on [1, oo). Here and below we 
say that positive functions V'l and ■02 are equivalent on a given set if both ipi/ip2 and 
are bounded on it; this property will be denoted by V'l x ■02- 

Setting X :— r/t in the condition (4) we rewrite it in the equivalent form 

(5) c-^X'° ^ ^ cA"! for each t^l, X^l. 

We make the following notations for e RO: 

(6) (^o{f) '■— sup{so e M : the left-hand side inequality in (5) holds}, 

(7) '■— inf {si e R : the right-hand side inequality in (5) holds}. 

Evidently, —00 < ao{(fi) ^ o'i{ip) < 00. The numbers ao{(f) and ai{(fi) equal the lower and 
the upper Matuszewska indices of </?, respectively [12, Sec. 2.2] (Theorem 2.2.2). 

Let ip e RO. By definition, is the Hilbert space S2,^(M") with //(^ := <^((0) for 

all ^ e R". The inner product in is 



It induces the norm introduced above. 

Note that the space H'^{W^) is weU defined, since the function = V'((0) of C ^ I^" 
satisfies (2), i.e., it is a weight function. This will be demonstrated in Section 3. 

We also introduce necessary function spaces over Euclidean domains. Let Q be a domain 
in R". By definition, the hnear space H'^{n) consists of the restrictions v — u\Q to Q oi all 
distributions u e if'^(R"). The norm in is 

||'y||H¥'(r2) := inf{ ||m||hv(R") : u e i7'^(R'^), u = v in (]}. 

The space H'^ifl) is a separable and Hilbert space with respect to the above norm because 
it is a quotient space of the separable Hilbert space i7'^(R") modulo 

{we H'^(W) : suppw C R" \ Q }. 
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If (p(t) = with i ^ 1 for some s e E, then H'^{Q) coincides with the Sobolev space 

H^^\Vl) of order s. 

Let [Xo,Xi] be a couple of complex Hilbcrt spaces Xq and Xi such that Xi C Xq with 
continuous embedding. A Hilbert space H is called an interpolation space with respect to the 
couple [Xq, Xi] if 

(i) Xi G H G Xq with continuous embeddings; 

(ii) an arbitrary linear operator T : Xq — > Xq, with T(Xi) C Xi, which is bounded on 
both spaces Xq and Xi is also bounded on H. 

Property (ii) implies the following inequality for norms of the operators: 

llT'll/z^H ^ c max{ ||T||xo^Xo, HT'Uxi^Xi }, 

where c is a positive number independent of T [13, Sec. 2.4] (Theorem 2.4.2). 

Note that the above properties (i) and (ii) are invariant with respect to a choice of an 
equivalent norm on H. Therefore we will describe interpolation spaces up to equivalence of 
norms. 

The main result of the paper consists of the following two theorems. Here and below Q is 
either the whole space M."' or a bounded domain in MT' with an infinitely smooth boundary. 

Theorem 1. Let — oo<so<si<oo. A Hilbert space H is an interpolation space with 
respect to the couple of Sobolev spaces [H^^°\fl), H^^^\fl)] if and only if H = H'^iVt) up to 
norms equivalence for some function parameter ip e RO that satisfies the following conditions: 

(i) So ^ o"o(v') O'^d, moreover, sq < O'o(v9) if the supremum in (6) is not attained; 

(ii) ai{(p) ^ si and, moreover, ai{(p) < si if the infimum in (7) is not attained. 

Remark 1. Conditions (i) and (ii) together are equivalent to the bilateral inequality (5), where 
c is some positive number independent of t and A. 

Let a scale of Hilbert spaces {X^ : s G M} be such that X^-^ C X^.,) with continuous 
embedding provided sq < Si. A Hilbert space H is called an interpolation space with respect 
to this scale if H is an interpolation space with respect to a certain couple [X^^jX^J with 

So < Si. 

Theorem 2. A Hilbert space H is an interpolation space with respect to the Sobolev scale 
{H^^\^) : s e R} if and only if H — H'^{Q) up to norms equivalence for some cp e RO. 

Remark 2. There are functions 99 G RO for which if'^(]R") is an intermediate but not an 
interpolation space with respect to the couple [i7(*°)(M"), i7(*i)(M")]. See Appendix. 

Theorem 2 is a consequence of Theorem 1; both of them will be proved in Section 4. 
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3. Auxiliary results 

Here we formulate some necessary results of the Hilbert spaces interpolation theory. It is 
sufficient to restrict ourselves to separable complex Hilbert spaces. 

We say that an ordered couple [Xq, Xi] of Hilbert spaces Xq and Xi is admissible if these 
spaces are separable, the continuous and dense embedding Xi ^ Xq holds. 

Let us recall the definition of the interpolation of Hilbert spaces with a function param- 
eter. It is a natural generalization of the classical interpolation method of J.-L. Lions and 
S. G. Krein (see, e.g., [1, Ch. 1, Sec. 2, 5] and [14, Ch. 3, Sec. 10]) to the case where a general 
enough function is used instead of a number interpolation parameter. The generalization 
appeared in C. Foia§ and J.-L. Lions' paper [15, Sec. 3.4] and was then studied by several 
authors. 

We denote by B the set of all Borel measurable functions ip : (0, oo) — )■ (0, oo) such that 
■0 is bounded on each compact interval [a,b] with < a < 6 < oo and, moreover, 1/^ is 
bounded on every set [r, oo) with r > 0. 

Let a function t/j e B and an admissible couple of Hilbert spaces X — [Xq, Xi] be given. For 
X there exists an isometric isomorphism J : Xi -ir^ Xq such that J is a self- adjoint positive 
operator on Xq with the domain Xi. The operator J is called a generating operator for the 
couple X. This operator is uniquely determined by X. 

An operator ip{J) is defined in Xq as the Borel function ip of J. We denote by [Xq, Xi]^ or 
simply by X.^ the domain of the operator ip{J) endowed with the inner product {ui,U2)x^ '■= 
{ip{J)ui, ip{J)u2)xo corresponding norm — ||'0('^)'^||xo- The space X^ is Hilbert 

and separable. 

A function ip E B is called an interpolation parameter if the following condition is fulfilled 
for all admissible couples X = [Xq, Xi] and Y = [Yq, ^i] of Hilbert spaces and for an arbitrary 
linear mapping T given on Xo: if the restriction of T to Xj is a bounded operator T : — )■ Yj 
for each j G {0, 1}, then the restriction of T to X^ is also a bounded operator T : X^ Y^. 

If ip is an interpolation parameter, then we say that the Hilbert space X^ is obtained by 
interpolation of the couple X with the function parameter ip. In this case, we have the dense 
and continuous embeddings Xi ^ X^ ^ Xq. 

The classical result by J.-L. Lions and S. G. Krein consists in that the power function 
ip{t) :— t^ is an interpolation parameter whenever < ^ < 1, the exponent 9 being regarded 
as a number parameter of the interpolation. 

Let us describe the class of all interpolation parameters (in the sense of the above definition). 

Let a function ijj : (0, oo) — ?> (0, oo) and a number r ^ be given, then ip is called 
pseudoconcave on the semiaxis (r, oo) if there exists a concave function ipi : (r, oo) — )■ (0, oo) 
such that ilj{t) X ipi{t) for t > r. The function ip is called pseudoconcave on a neighborhood 
of -|-oo if it is pseudoconcave on (r, oo), where r is a sufficiently large number. 
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Proposition 2. A function ip E B is an interpolation parameter if and only if it is pseudo- 
concave on a neighborhood of +00. 

This fact follows from J. Peetre's [16] description of all interpolation functions for the 
weighted Lp(R")-type spaces (also see [13, Sec. 5.4], Theorem 5.4.4). A proof of Proposition 2 
is given in, e.g., [5, Sec. 2.7]. 

Let X — [Xo,Xi] be an admissible couple of Hilbert spaces. V. I. Ovchinnikov [17, Sec. 
11.4] (Theorem 11.4.1) has described (up to equivalence of norms) all the Hilbert spaces that 
are interpolation spaces with respect to X. In connection with our considerations, his result 
can be restated as follows. 

Proposition 3. Let H be a Hilbert space. If H is an interpolation space with respect to X, 
then H — X^ up to norms equivalence for some function ip & B being pseudoconcave on a 
neighborhood of +00. 

In this connection the following properties of pseudoconcave functions will be of use. 

Proposition 4. Suppose that a function ip belongs to B and is pseudoconcave on a neighbor- 
hood 0/+00. Then there exists a concave function ipQ : (0, 00) (0, 00) such that ip ipo on 
{e, 00) for every 5 > 0. 

Proof. By the condition, there exists a number r ^ 1 and a concave function ipi : (r, 00) 
(0, 00) such that i/j x ipi on (r, 00). Since the function ijji is concave and positive on (r, 00), 
it increases there. In addition, for every fixed point to ^ (^) 00) the inclination function 
{ipi{t) — ■?/'i(to))/(^ — ^o)) t G {r,oo) \ {to}, decreases. Therefore the function ipi has the 
right-hand tangent at each point to > f^, say to = r + 1, with the angle between the tangent 
and the abscissa axis being acute or zero. Let a function il'2{x), a; > 0, be such that its 
graph coincides with the tangent on (0, r + 1) and with the graph of ipi on [r + 1, 00). The 
function increases and is concave on (0,oo). Set i'o{t) := ■V^2(^) + |'V'2(0)| + 1; the function 
ipo is positive, increases, and is concave on (0, 00). Chose an arbitrary number £ > 0. Note 
that >^ 1 >^ ■00 on [£, r + 1 + £]. Since ■02 increases and is positive on [r + 1, 00), we have 
|V'2(0)| + 1 ^ c'02(^) for t ^ r + 1, with c := (|V'2(0)| + l)/'02(r + 1) > 0. So we arrive at the 
equivalence ^0 x ■0i = ^02 x ■0o on [r + 1, 00). Thus ^0 x ■0o on {e, 00), which is what was to 
be proved. □ 

Proposition 5. Let a function ip & B and a number r ^ be given. The function ip is 
pseudoconcave on (r, 00) if and only if there exists a number c > such that 



Proof. In the r — case, this proposition was proved by J. Peetre [16] (also see [13, Sec. 5.4], 
Theorem 5.4.4), the condition ip e B being superfluous. In the r > case, the sufficiency is 
proved analogously. The necessity is reduced to the r — case with the help of Proposition 4. 





for each t,T > r. 
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Indeed, suppose is pseudoconcave on (r, oo). Then setting £ := r in Proposition 4, we have 
a concave function ipo : (0,oo) (0,oo) such that 

m^Ml^^^^,,L\ fo^each t,s>r. 

(In fact, Cq — I for a concave function z/jo [16]-) □ 

We also need a reiteration theorem for the interpolation with a function parameter [5] 
(Theorems 2.1 and 2.3). 

Proposition 6. Suppose that f,g,ip G B, and f/g is bounded on a neighborhood of +oo. 

Let X be an admissible couple of Hilbert spaces. Then the couple [Xf,Xg\ is admissible, and 
[Xf,Xg\^ = X^ with equality of norms. Here the function u E B is given by the formula 
ij{t) :— f{t)tp{g{t)/f{t)) with t > 0. Moreover, if f,g, and ip are interpolation parameters, 
then CO is an interpolation parameter as well. 

At the end of this section we will prove a result, which justifies that H'^(M.^) is well defined. 

Proposition 7. Let e RO; then the function //(^) := <^((C)); C ^ I^"; satisfies (2), i.e., ji 
is a weight function. 

Proof. Let ^, 77 e R". By taking squares it is easily to check the inequality ~ (^)l ^ 
I 1^1 — I77I I- So in the (^) ^ {r}) case we have 

| = i + ^<i + i«i-w^i + ie-4 

Then by Proposition 1 (iii) we can write 
Besides, if {rj) ^ (^), then 



Thus 

4rYT<c(l+|e-r;|)' foreach i,rjeR'', 
with I :— max{0, — so,si}. This yields (2) for a certain constant c ^ 1. □ 

4. Proof of the main result 



First, we prove two lemmas. In the first one we describe a result of the interpolation of a 
couple of Sobolev spaces with a function parameter. 
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Lemma 1. Let numbers so,si E W be such that sq < si, and a function ip E B be an 
interpolation parameter. Set 

(9) ip(t) :^ t'° ijj(t''-'°) for t^l. 
Then (p e RO and 

(10) [H^'°\fl),H^''\n)]^^H'^{n) 

up to equivalence of norms. If fl = M", then (10) holds with equality of norms. 

Proof. First we prove that (p G RO. By definition the function (p is Borel measurable on 
[1, oo). Let us prove that (f satisfies (3). Since the function ijj is an interpolation parameter, 
it is pseudoconcave on (1/2, oo) by Propositions 2 and 4. So, according to Proposition 5 we 
can write 

(12) = X-'° '"^ , < X-'° c max{l, X'°-''} = cX-'° 

^ ' ifiXt) ^((At)^i-«o) ^ I ' J 

for arbitrary t ^ 1, A ^ 1, and a certain number c > that is independent of t and A. 
Therefore satisfies (3) with a — 2, hence belongs to RO. 
Let us prove that 

(13) [//("°)(R"), H^''\W)]^ = H'^{W) 

with equality of norms. The couple of Sobolev spaces [i7(^«)(R"),if(^i)(M")] is admissible. 
Let J denote the pseudodifferential operator whose symbol is with ^ e R". Then 

J is a generating operator for the couple. Using the Fourier transform T : i?*^*°)(]R") O 
L2(M", {^)^^° d^) we reduce J to an operator of multiphcation by the function (^)*^~''°. Hence 
'0(J) is reduced to an operator of multiplication by the function — 
Therefore we can write the following: 

ll'"ll[ij(''o)(M"),ii-(''i)(Mn)]^ — llV'('^)'"llij(''o)(M") ~ 

J m)\'d^ = ||w||i.(M.) for each u e C^{R^). 

This implies the equality of spaces (13) as C^(R") is dense in both of them. (Note that 
Co°°(R") is dense in the interpolation space [i7("o)(R"), H^''\W)]^ because Co°°(R") is dense in 
the Sobolev space if*^*i)(R"), which is embedded continuously and densely in the interpolation 
space.) 
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Now formula (10) for the domain Q will be deduced from (13). Note that the couple of 
Sobolev spaces in (10) is admissible. Let Rq stand for the operator that restricts distributions 
u e 5'(M") to fl. We have the following operators are bounded and surjective: 

(14) Rq: H^'\W) ^ H^'\n), seR, 

(15) Rn : H'^{W) H'^ifl). 

Applying the interpolation with the parameter ip we infer by (13) that the boundedness of 
the operators (14), with s G {sq, si}, implies boundedness of the operator 

Rn : H'^iW) = [i/(^°)(M"), //(^^^(R")]^, ^ [H^'°\n), H^''\n)]^. 

Whence since the operator (15) is surjcctive, we have the inclusion 

(16) H'^iQ) c[H^'°\n),H^''\n)]^. 

Let us prove the inverse inclusion and its continuity. For every integer /c ^ 1, we need 
a Unear mapping, say T^, that extends the distribution u e H'^~'^'>{0,) over R" and sets the 
bounded operators 

(17) Tk-. H^'\Q) ^ H^'\W), with se[-k,k]. 

This operator is given in [2] (Theorem 4.2.2). Chose A; e N for which |so| < k, \si\ < k and 
consider the operators (17) with s = sq and s = si. Since ip is an interpolation parameter, 
their boundedness and formula (13) entail boundedness of the operator 

(18) Tk : [H''''\Q),H^''\Q)]^ [H^'°\W),H^''\W)]^ = H'^{W). 

The product of the bounded operators (15) and (18) gives us the bounded identity operator 

I = Rnn : [H^'°\n),H^''\n)]^ ^ H^{n). 

So, together with the inclusion (16), we have its continuous inverse. Thus the spaces in (10) 
coincide; their norms are equivalent due to the Banach theorem on inverse operator. □ 

Lemma 2. Let sq, si e R, with sq < si, and ip & B. Suppose that ip is defined by (9). Then 
is an interpolation parameter if and only if (p satisfies (5) with some number c ^ 1 which 
is independent oft and A. 

Proof. If is an interpolation parameter, then, as we have proved above, the function (f 
satisfies (11) and (12) for each t ^ 1 and A ^ 1, i.e., (5) is fulfilled. 

Conversely, suppose that (p satisfies (5). Let us prove the inequahty (8) for ip. Considering 
any t^ t ^ 1 and applying the right-hand side of (5) we have 

M ^ rW(^.--o) ^(tV(-^-»)) ^ ^^.,/(.,_.,) ^ ^ ^ 1 1. 

■0(t) r~*o/(*i~*o) <y9(r^/(*i~*o)) ^ I ' rJ' 
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here A := t/r ^ 1, whereas the number c > does not depend on t and r. Analogously, 
considering any r ^ i ^ 1 and applying the left-hand side of (5) we can write 

m 



^ X^oKsi-so) ^-^-so/is^-so) = c = cmaxjl, -|, 



with \ :— T /t 1. Thus the inequality (8) holds for r = 1. So we conclude by Propositions 
2 and 5 that is an interpolation parameter. □ 

Proof of Theorem 1. Necessity. Let a Hilbert space H be an interpolation space with respect 
to the couple of Sobolev spaces H^-'''^\Q.)]. Then, by Propositions 3, 2, and Lemma 

1, we have 

up to equivalence of norms. Here ip E Bis a, certain interpolation function parameter, whereas 
if is defined by (9). The function ip satisfies (5) in view of Lemma 2. This shows that ip belongs 
to RO and satisfies both conditions (i) and (ii) in Theorem 1. The necessity is proved. 

Sufficiency. Let a function parameter ip G RO satisfy both conditions (i) and (ii) in 
Theorem L Suppose that a Hilbert space H coincides with H'^iVt) up to equivalence of 
norms. Starting with ip let us construct a Borel measurable function ^0 such that (9) holds. 
Namely, we set 



(19) ^(r) : = 



^-so/(si-so)(^(^i/(si-so)-) for r ^ 1, 
ip{l) for < T < 1. 



Note that ip E B ui view of Proposition 1 (i). The mentioned conditions (i) and (ii) mean 
that p> satisfies (5). So ip is an interpolation parameter by Lemma 2. Therefore applying 
Lemma 1 we have 

(20) H = = [H^'°\Q),H^'^\Q)]^ 

up to equivalence of norms. Hence H is an interpolation space with respect to the couple 
[//(^o) (Q) , (Q)] . The sufficiency is proved. □ 

Proof of Theorem 2. Necessity. Let a Hilbert space H be an interpolation space with respect 
to the Sobolev scale {H'^^\Vl) : s E M}. Then H is an interpolation space with respect to a 
certain couple [H^'^^n), H^'^\n)], with — oo < So < Si < c>o. So by Theorem 1 we conclude 
that H — H'^{fl) up to equivalence of norms for some p G RO. The necessity is proved. 

Sufficiency. Let p> G RO and a Hilbert space H coincide with H'^{fl) up to equivalence of 
norms. Chose numbers So; £ ^ such that Sq < <^o{^) and ai{p) < Si. Then conditions (i) 
and (ii) in Theorem 1 are satisfied. According to this theorem, H is an interpolation space 
with respect to the couple [H^^°\n), H^^^\Q)] and, hence, with respect to the Sobolev scale 
{H^'\n) : s G R}. The sufficiency is proved. □ 
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5. Interpolation properties of Hormander spaces 
Let us study interpolation properties of the class of Hormander spaces 

(21) {H'^{n) : ip e RO}. 

The following theorem shows that every space from the class (21) can be obtained by the 
interpolation of a couple of Sobolev spaces with an appropriate function parameter. 

Theorem 3. Let (p e RO. Chose numbers Sq, Si e R such that Sq < ao{(p) < ai{(p) < Si and 
define a function ip by formula (19). Then ip & B is an interpolation parameter, and 

(22) [H^'''\Q),H'^''\Q)]^ = H'^{Q) 

up to equivalence of norms. If fl = M", then (22) holds with equality of norms. 

Proof. Since (f satisfies (9), this theorem will follow immediately from Lemma 1 if we prove 
that ip belongs to B and is an interpolation parameter. The function ip is Borel measurable 
and is bounded on each compact interval [a,b], with < a < 6 < oo. This is true due to 
Proposition 1. By the choice of Sq and Si the function ip satisfies (5). Specifically, if t = 1, 
then v^(A) ^ c~^X^° for each A ^ 1. This yields ip{r) ^ m.m{(p{l),c~^} > for r > 0. Thus 
& B. Now it follows from (5) and Lemma 2 that ip is an interpolation parameter. □ 

The following theorem shows that the class of spaces (21) is closed with respect to the 
interpolation with a function parameter. 

Theorem 4. Let functions ipo,ipi G RO and ip E B be given. Suppose that (po/(pi is bounded 
on a neighbourhood of +oo and that ip is an interpolation parameter. Set 

^(poit). 
Then ip G RO, and 

(23) [H^^'i^), H^^Q)]^ - H'P{Q) 

up to equivalence of norms. If ^ — R", then (23) holds with equality of norms. 

Proof. First we will prove that ip G RO. By definition, the function ip is Borel measurable 
on [1, oo). Let us check that ip satisfies (3). Since ipo, ip\ G i?0, there exist numbers a, c > 1 
such that 

(24) c"^ ^ "Pj^ ^ c for all i ^ 1, AG [1, a], j G {0, 1}. 

ipj{t) 

It follows from boundedness of the function ipo/ipi on a neighbourhood of oo and in view of 
Proposition 1 (i) that 

(25) ^44 > £ for each t ^ 1, 



^{t):^ip,{t)^(^^) for t^l. 
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with the number £ > being independent oit. Further, since the function ip is an interpolation 
parameter, it is pseudoconcave on [e, oo) according to Propositions 2 and 4. This is equivalent, 
by Proposition 5, to the condition 

m 

where the number Cq > 1 does not depend on r and t. This condition shows that 

Now it follows from (24), (25), and (26) that for every t ^ 1 and AG [1, a] we have 

ifiXt) ifoiXt) ^{ipi{Xt)/ipo{Xt)) 



(26) ^ niax|l, - 1 for each r,t > e, 
where the number Cq > 1 does not depend on r and t. This conditio 

(27) ^^f®- ^ Cn ^ minjl, -| for each T,t> s. 

ibiT] It) 



Analogously, it follows from (24), (25), and (27) that 



<f{Xt) 



> c-^c-i mini 1 ^iMZ^^l > 

^ ° 1' <^i(t)M(^) J ^ ' 



3^-1 



(^(t) —r' (^i(t)M(^) J 

Thus the Borel measurable function cp satisfies (3), i.e., cp e RO. 

Now let us deduce (23) from (22) with the help of the reiterated interpolation with a 
function parameter. Chose numbers sq, si e R such that sq < (To{(pj) and si > cri{(pj) for 
each j e {0, 1}. By Theorem 3 we have 

[H^'°\Q), H^'^\Q)]^. = H^^{Q) for each j e {0, 1}. 

Here the function ipj E B is the interpolation parameter defined by formula (19), with (pj 
replacing (p. According to Proposition 6 and Lemma 1 we have 

[i/'^°(Q),//'^^(Q)]^ = [[//(^°)(Q),i/(^^)(Q)U,[i/(^°)(Q),//(^i)(Q)^ 

Here the interpolation parameter ou & B satisfies the equality 

^x):^,oW^(||l|)^r-W(..-.o.,„(.V,..-..,),(^|;f^ fa .,1; 

whence 

^{t):=ipo{t)ij(^)=f°u;{f^-'°) for t ^ 1. 

The equality of spaces is written up to equivalence of the norms, with the equivalence becoming 
equality if O = M'*. □ 

Thus the class of Hormander spaces (21) is the maximal extension of the Sobolev scale by 
an interpolation within the category of Hilbert spaces. 
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Appendix 

In connection with Remark 2, we will give an example of a function </? e RO such that 

(28) H^^\W) C H'^iW) C ij(°)(M") with continuous embeddings, 

(29) ii"^(M") is not an interpolation space with respect to [//(^^(M"), //(^^(M")]. 

Set h{t) := (logt)"-^/^sin(log^/^t) and define the function 

tHt) +logt if t ^ 3, 
1 if < i < 3. 



fit) 



Evidently, (f & B and Cq ^ (fi{t) ^ Cit for each t ^ 1, where Cq, Ci > do not depend on t. 
This imphes (28) if </? e RO. By a simple evaluation we have t(p' (t) / (p{t) — >■ as i — >■ oo. 
Hence [11, Sec. 1.2] the function cp is slowly varying at infinity in the sense of J. Karamata, 
i.e., 

(30) lim = 1 for each A > 0. 

t-*oo (p[t) 

By Uniform Convergence Theorem [11, Sec. 1.2] (Theorem 1.1) the convergence in (30) 
is uniform on every compact A-set in (0, oo). Therefore (p e RO and, moreover, ao{(p) — 
ai{cp) = [12, Sec. 2.1]. 

To prove (29) we show that (p is not pseudoconcave on (r, oo) whenever r > 0. Consider the 

sequences of numbers ■= cxp((27rA; + 7r/2)*^) and := exp((27r/c + 7r)^), with A; = 1, 2, 3, . . .. 
Calculating we have h{tk) — {27rk + 7r/2)~^ and h{sk) — 0, whence 



TT 

2 

4 



log ip{tk) ^ h{tk)logtk = (27Tk + 
ip{sk) = 1 + {2nk + TT 
Therefore, 

^ exp((2.. + ./2n^^ a. . ^ oo. 

p{Sk) (1 + {27lk + 7r)4) 

But tk < Sk so, by Proposition 5, the function (f is not pseudoconcave on (r, oo) whenever 
r > 0. 

Now we can prove (29). Suppose the contrary; then by Proposition 3 we have //"^(M") = 

some function parameter ip E B, which is pseudoconcave on a neigh- 
bourhood of +00. Hence i/'^(M") = H^{W^) by Theorem 4. According to [3, Sec. 2.2] (The- 
orem 2.2.2) the last equality is equivalent to that (/? x on [l,oo). So, (p is pseudoconcave 
on a neighbourhood of +oo that leads us to a contradiction. 

Thus we have exhibited a function ip e RO satisfying both of (28) and (29). Note that 
i7'^(M") is an interpolation space with respect to the couple [if(~^)(M"), i7(^)(M")] whenever 
£ > 0. This follows from Theorem 1 because (Jo{(p) — cri{<p) — 0. 
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